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APPLICATION OF GENERALIZED DIFFUSION 
THEORY FOR CALCULATION OF PARTICLE 
DISTRIBUTION IN SUSPENSION FLOW BETWEEN 
TWO VERTICALLY COAXIA L CYLINDERS 
NGUYEN HONG PHAN 
Institute of Mechanics 
Abstract. Applications of the generalized diffusion t heory for calculation of rotating 
spherical particle distribut ion in a suspension wit h viscouse fluid , using nonlinear closing 
relationships are demonstrated. A problem of motion of suspension in t he gap between 
two rotating vertically coaxial cylinders was established and stationary case of the problem 
was numerically investigated . A comparison between the numerical prediction of part icle 
concentrat ion and t he experimental dat a of P hillips et al. (1992) was made. 
1. GOV ERNING EQUATIONS 
The flow of viscous fluid carrying rigid spherical rotating particles, t hat have densit ity 
coincided wit h density of t he fluid , is decribed by the following equation system [1 J: 
V'· U = O; U=epU1+ (l- ep) U2 ; 
dep - -
pdt = - \l · J; ] = pep (U1 - U) ; p = const; 
dU _ - - - A - - S P& = pg - \i'p - V' x T + \l . T ; (1.1 ) 
. dw . (] -) _ - A - A - - S ]dt + ] A . V' w = - T + V' x ..\ + V' . ..\ ; A = pep; 
D] [- 1 (- ) ] 
- = -p ep( l - ep) F- - - V'µ1 , Dt 1 - ep p,T 
where U 1 , U 2 , U - mean volume velocit ies of particles (dispersed phase), fluid (liquid 
phase) and suspension (mixture), respectively; p - common density of part icles and fluid ; 
ep - volume concentration of particles; J - generalized diffusion flux of par t icles; w - mean 
angular velocity of part icles; j - part icle moment of inert ia; n - number of part icle in an 
unit volume of suspension; µ 1 - generalized chemical potential of part icles; F - generalized 
diffusion force; p - thermodynamical pressure; 7 A, r5 - ant isymmetric and symmetric parts 
of viscous stress t ensor ; >:A, 3:5 - ant isymmetric and symmetric parts of moment stress 
t ensor. 
The nonlinear const itutive relatjonships are [1 J: 
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V ' w  +  \ i ' w  -
3  
V '  ·  w I  ;  
A  (  1 - - )  
' f  =  a 4  w  - 2  V '  x  U  ;  
S  1  [ - ( - ) T ]  
' f  =  2 a 5  \ i ' U  +  \ i ' U  ,  
( 1 . 2 )  
w h e r e  a 1 ,  . . .  ,  a 7 ,  / 3 1  - c l o s i n g  c o e f f i c i e n t s  t h a t  a r e  d e t e r m i n e d  b a s e d  o n  e x p e r i m e n t a l  d a t a .  
T h e  s y s t e m  o f  e q u a t i o n s  ( 1 . 1 )  w i t h  c l o s i n g  r e l a t i o n s h i p s  ( 1 . 2 )  c a n  b e  s o l v e d  w h e n  
a i ,  / 3
1  
a n d  b o u n d a r y  c o n d i t i o n s  f o r  U ,  w a n d  e p  a r e  k n o w n .  
F o r  t h e  s u r f a c e  o f  c y l i n d e r s ,  n o - f l u x  b o u n d a r y  c o n d i t i o n s  a r e  o f t e n  u s e d :  
U = O ;  
1 - -
w  =  k - \ i '  x  U ;  n . J  =  0 ,  
2  
( 1 . 3 )  
w h e r e  t h e  p a r a m e t e r  k  c h a r a c t e r i z e s  t h e  i n f l u e n c e  o f  t h e  f l o w  o n  t h e  p a r t i c l e  r o t a t i o n .  I n  
t h e  c a s e  t h a t  t h e  c o n s t i t u t i v e  c o e f f i c i e n t s  a
1
,  . . .  ,  a
7
,  / 3
1  
a r e  c o n s t a n t s ,  i n s e r t i n g  ( 1 . 2 )  i n t o  
e q u a t i o n s  ( 1 . 1 ) ,  t h e  f o l l o w i n g  s y s t e m  o f  e q u a t i o n s  c a n  b e  d e r i v e d :  
Y ' · U = O ;  U = e p U 1 + ( l - e p ) U 2 ;  
d e p  - - - ( - - )  
p d t = - Y ' · J ;  J = p e p  U 1 - U ;  p = c o n s t ;  
d U  - - a 5  - a 4  
2
-
p  d t  =  p g  - \ i '  p  - C X 4  \ i '  X  W  +  
2  
\ i '  U ;  (  1 . 4 )  
j d w  + j  (
1  
·  V ' )  w  =  - a
4
w +  a
4
V '  x  U  + a
2
\ i '  x ]  +  a
3  
[ Y '  ( Y '  · w )  - V '
2
w ]  +  
d t  A  2  2  
+  ( a 5  - ~
7




w  +  V ' ( V '  ·  w ) ) ;  
~; + ] .  \ i ' U  = - p e p  ( 1 - e p )  [ a
1
J  +  ~
2
\i' x  w - / 3
1  
( w - ~V' x  U )  x ]  +  a 4 V ' e p l ,  
w h e r e  I  i s  a  i d e n t i t y  t e n s o r  o f  t h e  s e c o n d  r a n g e  a n d  a 4  =  
1
~'P ( c ; :
1
)  .  
e p  p , T  
2 .  M O T I O N  E Q U A T I O N  S Y S T E M  F O R  T H E  C A S E  O F  R O T A T I N G  
P A R T I C L E S  
N o w  c o n s i d e r  t h e  f l o w  o f  v i s c o u s  f l u i d  w i t h  t h e  r i g i d  s p h e r i c a l  r o t a t i n g  p a r t i c l e s  i n  t h e  g a p  
b e t w e e n  t w o  v e r t i c a l l y  c o a x i a l  c y l i n d e r s .  U s i n g  c y l i n d r i c a l  c o o r d i n a t e  s y s t e m ,  t h e  c o o r -
d i n a t e  a x e s  a r e  d e n o t e d  b y  r ,  e ,  z  c o r r e s p o n d i n g  r e s p e c t i v e l y  t o  r a d i u s ,  a n g l e  o f  r o t a t i o n  
a n d  v e r t i c a l  a x i s  o f  c y l i n d e r s .  W h e n  i n n e r  c y l i n d e r  i s  r o t a t i n g  w i t h  a n  a n g u l a r  v e l o c i t y  O o  
a n d  t h e  o u t e r  c y l i n d e r  i s  i m m o v a b l e ,  i t  i s  a s s u m e d  t o  b e  c o n s i d e r e d  t h e  f o l l o w i n g  c a s e :  
*  U  =  { O ,  u ,  O } ;  w  =  { O ,  0 ,  w } ; ]  = { J n  J e ,  O } ;  ( 2 . 1 )  
*  w  ,  u ,  J r ,  J e ,  e p  a r e  f u n c t i o n s  o f  r  a n d  t .  
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In this case the system of equations (1.4) has the form as follows: 
3. NUMERICAL SOLUTION OF STEADY-STATE CASE 
A steady state of system of equations (2.2) is: 
with boundary conditions: 
• at surface of inner cylinder r = Ri 
1 d 
Dx = 2r dr ( ru) ; 
• at surface of outer cylinder r = Ro 
1l I = O· Ro ' (3 .2) 
In addition t here is a condition of particle number conservation: 
(3 .3) 
The system of equations (3. 1 )-(3.3) is closed and represented a steady state of flow of 
above presented problem. 
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N u m e r i c a l  r e s u l t .  
T h e  n u m e r i c a l  r e s u l t s  o f  ( 3 . 1 ) - ( 3 . 3 )  w i t h  
a 5  - - 3 .  - - 4 .  a 7  - a 3  - - 3 .  - - 5 .  - a 2 f J 1  - r : :  - 3 .  
- - 5 . 1 0  ,  a 4  - 5 . 1 0  ,  - 1 . 1 0  ,  a 4  - 1 5 . 1 0  ,  a s  - - - - o . 1 0  ,  
2  2  2 a 1  
R i  =  0 . 0 6 4  ( m ) ;  R o  =  0 . 2 5 4  ( m ) ;  S l o  =  1 . 5 ;  ' P o  =  0 . 5 ;  
f o r  c a s e s  k  =  0 ,  0 . 5 ,  1  a r e  d e m o n s t r a t e d  i n  F i g .  1  - 4 ,  i n  w h i c h  l e n g t h  s c a l e  i s  n o r m a l i s e d  
t o  R o ,  v e l o c i t i e s  t o  R i S l o  a n d  t i m e  t o  0
0
1
,  r e s p e c t i v e l y .  
T h e  d i s t r i b u t i o n s  o f  p a r t i c l e  f o r  t h e  c a s e s  k  =  1 . 0 ,  < p o  =  0 . 5 ,  w h e n  D o  h a s  t h e  v a l u e s :  
D o  =  1 . 5 ,  3 . 0 ,  6 . 0 ,  1 5 . 0 ,  a r e  s h o w e d  i n  F i g .  4 .  
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I  - 0
0  
= 1 . 5  . . . . , _  0
0  
= 3  - - - 0
0  
= 6  - + - 0
0  
= 1 5 1  ·  
I  - k = O  - e - k = 0 . 5  - - - k = 1  I  
F i g .  3 .  P r o f i l e s  o f  p a r t i c l e  c o n c e n t r a t i o n  f o r  F i g .  4 .  P r o f i l e s  o f  r p  f o r  t h e  c a s e s  D
0  
=  1 . 5 ,  3 ,  6  
t h e  c a s e s  k  =  0 ,  0 . 5 ,  1 .  a n d  1 5  w h e n  k  =  1 ;  r p
0  
=  0 . 5  
4 .  C O M P A R I S O N  W I T H  E X P E R I M E N T A L  D A T A  
T h e  e x p e r i m e n t a l  a p p a r a t u s  t h a t  w a s  d e s c r i b e d  i n  P h i l i p  R .  J . ,  A r m s t r o n g  R .  C . ,  
1 9 9 2  [ 2 ]  c o n s i s t e d  o f  a  r o t a t i n g  c y l i n d e r ,  c o n c e n t r i c  i n  a  f i x e d  o u t e r  t u b e  .  T h e  i n n e r ,  
o u t e r  r a d i i  a n d  t h e  h i g h  o f  t h e  c y l i n d e r  w e r e  0 . 6 4  c m ,  2 . 3 8  c m  a n d  2 5  c m ,  r e s p e c t i v e l y .  
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The rotational veloci ty of t he inner cylinder varied between 0.28 - 1.95 round per second 
(rps) . The particles were made by Polymethyl Methacrylate (PMMA) with mean diameter 
a = 0.675mm and density of p = l.182 g/cm3 . The suspending liquid was a Newtonian 
oil with the same density of the particles and has viscosity T/ = 4.95 Pa .sat 23.15 °C . 
The measured data of part icles concentrations in a steady stat e with stational rota-
tional velocity of inner cylinder for three cases of initial particle concentrations cpo = 0.45; 
0.50 and 0.55 are denoted by t he curves cp - 0.45, cp - 0.50, cp - 0.55 respectively on Figs. 5 
- 8. 
Since t he rotat ional velocity of inner cylinder was not mentioned in [2] so as a test of 
t he model, we do the numerical experiment (i. e. solve numerically) the equation system 
(3.1)-(3.3) with the parameters similar to t he experiment and in four rotational velocities 
Sl= l.0 ; 1.5; 2.0 and 2.5 rps. The results are demonstrated by the curves Tl - 0.45, T2 -
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Fig. 5. A comparison of the numerical resul ts with t he experimental data [2] 
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Fig. 6. A comparison of t he numerical results with the experimental data 
for <po =0.45; 0. 5 and 0.55 when D= l.5 rps 
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5. DISCUSSION AND CONCLUSIONS 
- The influence of k on particle concentration clearly presented in Fig. 3. \i\Then k = 0, 
i. e. rotation of fluid was not transfered to particles, that leads to <p = <po = const . When 
k = 0.5, 1.0 particle distribution inscreases from inner to the outer cylinder. 
- In Fig. 4, the change of the rotat ional velocity of the inner cylinder effects on t he 
local volume fraction of particles. For 0 0 ~ 12 all particles concentrate nearby the outer 
cylinder and makes the particle volume fraction to be maximum and equals rv 0.7. This 
value is close to the suggested value by Phillip et al. in [2] . 
- It is clear in Fig. 8 that the good agreement between the numerical result of the 
model and measured concentration profile of particle is achieved at Sl= l.95 rps. 
The demonstrated investigation is one of the first sta.ge for understanding and applying 
of the generalized diffusion theory for description of two phase flow of viscouse fluid wit h 
rotat ionable particles . The numerical tests show that determination of value and range of 
the used coefficients in the model are very important and more investigation is required. 
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AP DUNG LY THUYET KHUECH TAN SUY RONG TINH TOAN PHAN 
Bo ctlA c.Ac HAT TRONG DONG CHAY GIUA HAI ONG TRU DONG 
• A ~ > • 
TAM THANG DUNG 
Bao cao trlnh bay S\f ap di,mg ly thuyet khuech tan suy r¢mg mo ta chuyen d(mg cua 
CaC h0t cau r~n quay dl.l'Q'C trong dong chat long nh&t Slr di,mg cac h~ thuc dong kfn d0ng 
phi tuyen. Da thiet l~p bai toan clmyen d(mg cua hon hqp giua hai ong tr1:1 dong tam 
th.'.ing dung, ong trl,l trong quay, ong trl,l ngoai dung yen va giai so cho trnang hqp dong 
cMy dung. Ket qua tfnh toan duqc so sanh v&i so li$u t lwc nghi$m cua Phillip (1992). 
